In this paper, we study the order of the Dirichlet and Neumann eigenvalues for the string equation with concave densities. In general, the order of the k-th Dirichlet eigenvalue and (k + 1)-th Neumann eigenvalue is indeterminate. But, if the density function ρ is concave on (0, 1), we show that the second Neumann eigenvalue is greater than or equal to the first Dirichlet eigenvalue; the equality holds if and only if ρ is constant.
Introduction
Consider the vibrating string equation acting on [0, 1] − u ′′ = λρ(x)u, (1) where ρ > 0 is the density function. Throughout this paper, we denote by {µ i } i≥1 the i-th Dirichlet and {ν j } j≥0 the (j + 1)-th Neumann eigenvalues.
In the literature, there have been a number of studies on the optimal estimates of eigenvalues and eigenvalue ratio for the string equation [1] [2] [3] [4] . It is known that the constant density function gives the minimum Dirichlet eigenvalue ratio µ 2 µ 1 when the density function ρ is assumed to be concave, symmetric single-barrier [2] or single-barrier [3] , while the symmetric 1-step function is the density in E [h, H, M] giving the minimum Dirichlet eigenvalue ratio [1] , where Particularly, Kiss [4] in 2006 considered the optimal estimate for Dirichlet eigenvalue ratios
≥ n 2 when ρ is symmetric single-barrier, and
On the other hand, Huang [5] in 2007 showed the constant density gives the Dirichlet eigenvalue gap for symmetric single-well and symmetric single-barrier densities, respectively. Recently, Cheng et al. [6] showed min E µ 1 = min E ν 1 and the minimizing density function of ν 1 is of the form
In this paper, we consider an inverse spectral problem for the string equation with concave densities. It is clear that, as 
Preliminaries
Denote by (µ i , φ i ) i≥1 the normalized Dirichlet eigenpairs and (ν i , ψ i ) i≥0 the normalized Neumann eigenpairs of (1) and suppose φ i (x), ψ i (x) are positive initially for all i. The normalized condition means
Lemma 2.1. The equation |φ 1 (x)| = |ψ 1 (x)| has exactly two solutions in (0, 1). Proof. Note that the second Neumann eigenfunction ψ 1 (x) has only one zero, say
. By uniqueness of the initial value problem, |φ 1 | and |ψ 1 | cannot be tangent to each other. So we only need to refute the possibility that |φ 1 | and |ψ 1 | intersect at least three times in (0, x 0 ). Also, the case of (x 0 , 1) is similar. Suppose there are 0
. Then, by Rolle's
and v ′ (z i ) = 0 for i = 1, 2, we find w(z 1 ) = w(z 2 ) = 0, and
. This leads to a contradiction. Hence |φ 1 (x)| = |ψ 1 (x)| has exactly one solution in (0, x 0 ).
According to Lemma 2.1, we denote the points 0
The following formula is due to Keller [1] .
Lemma 2.2 ([1]
). In (1), let ρ(·, t) be a one-parameter family of continuous densities such that
In order to simplify the proof of the main result, we establish some properties of the second Neumann eigenfunction ψ 1 by means of the comparison theorem. 
On the other hand, define ω(x) =
Finally, since ψ
, we find ψ 1 is decreasing and then z 2 is increasing. Hence ψ
Proof of Theorem 1.1
The following identity was derived using integration by parts. Proof. First, suppose t > 0. It suffices to show that
Lemma 3.1 ([2]). Let g be a three differential function and u satisfy
is a strictly increasing function of t, or, equivalently, by Lemma 2.2,
We follow the proof of [2, Lemma 4.3] to show that ⟨x(t)⟩ is positive. Taking g(x) = x and g(x) = x 2 in Lemma 3.1, respectively, we have
Hence, using the normalization condition
Similarly, taking g(x) = x and g(x) = x 2 in Lemma 3.1, respectively, we also have 5t
Moreover,
Now, suppose there exists t 0 > 0 such that ⟨x(t 0 )⟩ = 0. Then, by the above formulas and Lemma 2.3, we have
for all A > 0 and B, C ∈ R. But, by (2), we can find some A, B, C such that the above inequality is false. Therefore ⟨x(t)⟩ never changes sign for all t > 0. Suppose on the contrary that ⟨x(t)⟩ < 0 for all t. Choose A < 0, B > 0 and C ≤ 0 such that
Then, for t < 4b, we have
This leads to a contradiction and hence ⟨x(t)⟩ > 0 for all t. Moreover,
For t < 0 and tx + b > 0 on (0, 1), we also have
Proof of Theorem 1.1
By Lemma 3.2, we only need to show that if ρ(x) is concave but not linear, then there is a linear density with a smaller ratio.
Recall the definitions of x − and
(L ρ(·,t) (x) − ρ(x, t))(φ are arbitrary close to those of the linear density if t is sufficiently large. This proves the result.
